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Abstract
The Brocard-Ramanujan problem pertaining to the diophantine equation n! + 1 = m2,
a famously unsolved problem, deals with finding the integer solutions to the equation.
Nobody has discovered any new solution of the problem beyond n = 4, 5 and 7 although
many of us have tried it. Bruce Berndt and William Galway [10] had not found any new
solution in 2000 by extensive computer search for a solution with n up to 109. The main
purpose of this study is to show that the solutions should satisfy some necessary and/or
sufficient conditions and it has only finitely many solutions which is not based on any
conjecture or previous research on the Brocard-Ramanujan problem.
Keywords: Brocard-Ramanujan problem; Brocard’ problem; n! + 1 = m2; Diophantine
equation.
1 Introduction
The Brocard-Ramanujan problem was reported by Henri Brocard [1, 2] in the two written articles
in 1876 and 1885 asking to search positive integers n and m satisfying the equation n!+1 = m2,
where n! is the factorial. Later in 1913, unaware of Brocard’s query, S. Ramanujan [3] reported
the same problem in the following composition: “The number n! + 1 is a perfect square for the
values 4, 5, 7 of n. Find other values.”
∗Corresponding author, Email address: somnath.maiti@lnmiit.ac.in/maiti0000000somnath@gmail.com (S.
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It is believed that the only solutions of the problem are (m,n) = (5, 4), (11, 5), (71, 7). The
solutions of the problem in the pair form (m,n) is known as Brown’s numbers. As reported by A.
Ge´rardin [4] with arguments in 1906, the problem has no solutions for 7 < n < 25 and m must
have at least 20 digits if m > 71 for the solution. The computations of n! up to n = 63 carried
out by Hansraj Gupta [5] in 1935 provided no further solutions of the problem. Considering
more general diophantine equations xk ± yk = n! and m! ± n! = xk, P. Erdo˝s and R. Obla´th
[6] reported that most of these have only finitely many solutions. For example, the equation
xk − 1 = n! has no solutions if k > 1 and possible exception of k = 2 and k = 4. They proved
that the number of solutions is finite for the case of k = 4 i.e. for the equation x4 − 1 = n!.
Pollack and Shapiro [7] finally showed that the equation x4 − 1 = n! has actually no solutions.
In 1993, Marius Overholt [8] proved that “a weak form of the unproved diophantine inequal-
ity known as Szpiro’s conjecture would imply that there are only finitely many solutions” of the
problem. The weak form of Szpiro’s conjecture, a special case of the ABC conjecture, can be
defined as follows: Let N0(n) =
∏
p|n
p, in which p indicates a prime; a, b, and c denote positive
integers together with relatively prime in pairs and follow the equation a+b = c. Then the weak
form of Szpiro’s conjecture implies that there exists a constant k such that |abc| ≤ [N0(abc)]k.
In 1996, A. Dabrowski [9] carried out the extension of the result, under the identical con-
dition, to all equations of the type n! + A = m2 in terms of an arbitrary natural number A.
Under the identical condition or even a harder constitution, the result of Overholt was further
carried forward by several researchers [11, 13, 14] to equations of the form n! = P (m) or even
n(n−1) · · · (n−k+1) = P (m), in which P is a polynomial of degree ≥2 with integer coefficients,
and k, m, n are integers with 1 ≤ k ≤ n.
In 2000, Bruce Berndt and William Galway [10] found no solution of the problem based
on computations up to n = 109, reported a relation between Legendres symbol (a
p
) and the
solutions of n! + 1 = m2 indicating (n!+1
p
) = 1 or 0.
On the basis of consideration of Szpiro’s conjecture, Dufour and Kihel [12] in 2004 proved
that Hall’s conjecture weak form implies that n! +A = m2 (if the integer A is not a q-th power
of an integer) can only have finitely many solutions, where Hall’s conjecture defines a special
form of the abc-conjecture.
In 2008, Kihel and Luca [15] presented some variants of the Brocard-Ramanujan problem
considering the form xp ± yp =
n∏
k=1 (k∤n)
k and showed that there are only finitely many integer
solutions (x, y, p, n) if p (≥ 3) a prime number and gcd(x, y) = 1.
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In 2013, Liu [16] wrote a Master of Science thesis on Brocards problem and its variations in
Waikato University on the basis of reviews for the old methods in order to solve various forms
of the Brocards problem and presented some proofs in his own way.
Maximum number of the results of the Brocard-Ramanujan problem and its variations has
been derived by using the ABC conjecture or its variants. A question is arising naturally that
how the results can be proved without the help of this assumption? In view of the above, the
purpose of this study is to show the finiteness of the number of solutions of n! + 1 = m2, which
is not based on any conjecture or previous study and the solutions should satisfy some necessary
and/or sufficient conditions. We are tempted to believe the stronger statement that Brocard-
Ramanujan problem has no other solutions except (m,n) = (5, 4), (11, 5), (71, 7); however, we
have not been able to establish this. The proof of the existence of new solution of equation (1)
seems about as distant as the establishment of the nonexistence of odd perfect numbers and the
two problems although not equivalent are not dissimilar.
2 Results and Discussion
2.1 Theorem
The natural number m will be a solution of the diophantine equation
n! + 1 = m2; n,m ∈ N (1)
if and only if m = [
√
n!] + 1, where for x ∈ R, [x] indicates greatest integer function. Moreover
for the solution of equation (1), we can express n! as n! = 2k × odd number = (2a) × (2k−1b)
with a and b relatively odd natural numbers satisfying gcd(a, 2k−1b) = 1 and the difference of
2a and 2k−1b will be 2.
Proof: The equation (1) can be written as n! = m2 − 1 = (m− 1)(m+ 1).
Then we can express it in the form:
n! = [
√
n!]([
√
n!] + 2) (2)
Or, [
√
n!]2 + 2[
√
n!]− n! = 0.
Or, [
√
n!] = −2±
√
4+4n!
2
= −1±√1 + n!.
So, [
√
n!] =
√
1 + n!− 1.
Or, [
√
n!] + 1 =
√
1 + n! =
√
m2 = m (3)
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Thus if m is a solution of equation (1), then it will be in the form m = [
√
n!] + 1. Hence the
condition is necessary.
Conversely, let m = [
√
n!] + 1. Then (m− 1)(m+ 1) = [√n!]([√n!] + 2).
Or, n! = m2 − 1 = [√n!]([√n!] + 2) i.e. n! + 1 = ([√n!] + 1)2.
Then, Brown’s number ([
√
n!] + 1, n) will be a solution of the equation (1). Thus, the
condition is sufficient.
Again from equations (2) and (3), we get (m − 1)(m + 1) = [√n!]([√n!] + 2) = n! =
2e × odd number for some e ∈ N and gcd(m− 1, m+ 1) = d where d = 1 or 2 since d | (m− 1)
and d | (m+1) implies that d | {(m+1)−(m−1)} i.e. d | 2. If d = 1, then one of (m−1), (m+1)
and hence other also will be odd natural number. Thus n! = odd number for n > 1, which is a
absurd result. Hence d = 2 and we can express n! as n! = 2k×odd number = (2a)×(2e−1b) with
a and b relatively odd natural numbers satisfying gcd(a, 2k−1b) = 1 and the difference between
2a and 2k−1b will be 2.
2.1.1 Note
If we consider the only remaining option for the expression of n! as n! = ([
√
n!]− 1)([√n!] + 1),
then [
√
n!]2 − 1 = n!.
Or, [
√
n!] =
√
1 + n!.
Thus, [
√
n!] =
√
1 + n! =
√
m2 = m. (4)
Now if
√
n! = r ∈ N, then n! = r2 and hence n! + 1 = r2 + 1 6= m2, m ∈ N.
Thus
√
1 + n! = m implies that [
√
n!] < m, a contradiction of the equation (4). Hence the
expression n! = ([
√
n!]− 1)([√n!] + 1) can not give any solution of n! + 1 = m2; n,m ∈ N.
2.1.2 Remark
All the known solutions follow the theorem as shown below.
(i) For n = 4,
√
n! ≈ 4.898979486. Then n! + 1 = [√n!]([√n!] + 2)+ 1 = (4× 6)+ 1 = 25 =
52 = m2.
(ii) For n = 5,
√
n! ≈ 10.95445115. Then n! + 1 = [√n!]([√n!] + 2) + 1 = (10 × 12) + 1 =
121 = 112 = m2.
(iii) For n = 7,
√
n! ≈ 70.992957397. Then n! + 1 = [√n!]([√n!] + 2) + 1 = (70× 72) + 1 =
5041 = 712 = m2.
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2.1.3 Corollary
For the solution of equation (1), m−1 = [√n!] should be an even natural number (i.e. m should
be odd natural number) k and k(k + 2) = n!.
Example: (i) if n = 1, then k = [
√
n!] = 1 (odd number). Hence no need to check solution
of equation (1).
(ii) if n = 2, then k = [
√
n!] = 1 (odd number). Hence no need to check solution of equation
(1).
(iii) if n = 3, then k = [
√
n!] = 2, k(k + 2) = 8 > n!. Hence equation (1) has no solution
for n = 3.
(iv) if n = 4, then k = [
√
n!] = 4, k(k + 2) = 24 = n!, n! + 1 = 52. Hence equation (1) has
solution for n = 4.
(v) if n = 5, then k = [
√
n!] = 10, k(k + 2) = 120 = n!, n! + 1 = 112. Hence equation (1)
has solution for n = 5.
(vi) if n = 6, then k = [
√
n!] = 26, k(k+2) = 728 > n!. Hence equation (1) has no solution
for n = 6.
(vii) if n = 7, then k = [
√
n!] = 70, k(k + 2) = 5040 = n!, n! + 1 = 712. Hence equation (1)
has solution for n = 7.
(viii) if n = 8, then k = [
√
n!] = 26, k(k + 2) = 728 > n!. Hence equation (1) has no
solution for n = 8.
(ix) if n = 9, then k = [
√
n!] = 602, k(k + 2) = 363608 > n!. Hence equation (1) has no
solution for n = 9.
(x) if n = 10, then k = [
√
n!] = 1904, k(k + 2) = 3629024 > n!. Hence equation (1) has no
solution for n = 10.
(xi) if n = 11, then k = [
√
n!] = 6317 (odd number). Hence no need to check solution of
equation (1).
From the trend of the above example, we can predict the following result: if n is not a
solution of Brocard-Ramanujan problem, then k(k + 2) > n! where k = [
√
n!]. It is eventually
proved in Theorem 2.5.
2.2 Lemma
For a given natural number x, let x 6= z2, for z ∈ N and √x = y + ǫ, with y = [√n!], ǫ =
√
x− [√x] i.e. 0 < ǫ < 1. Then ǫ(2y + ǫ) is a natural number.
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Proof: Given that
√
x = y + ǫ. Then x = y2 + 2yǫ+ ǫ2. Or, x − y2 = 2yǫ+ ǫ2. Since the
left side is a natural number, ǫ(2y + ǫ) should also be a natural number.
2.2.1 Remark
We can extend this idea for the n-th (n ∈ N) root of x. That is if x ∈ N with x 6= zn for
z, n ∈ N and x 1n = y + ǫ having y = [x 1n ], ǫ = x 1n − [x 1n ] i.e. 0 < ǫ < 1, then x − yn =
(
n
1
)
yn−1ǫ+
(
n
1
)
yn−2ǫ2+ · · ·+ (n
n
)
ǫn. Thus
(
n
1
)
yn−1ǫ+
(
n
2
)
yn−2ǫ2+ · · ·+ (n
n
)
ǫn is a natural number.
For example, if n = 3, then x
1
3 = y+ ǫ with y = [x
1
3 ], 0 < ǫ < 1 and 3y2ǫ+3yǫ2+ ǫ3 is a natural
number.
2.3 Theorem
In the Brocard-Ramanujan problem, let
√
n! = k + ǫ for the natural number n where
√
n! 6=
m (∈ N), k = [√n!], ǫ = √n!− [√n!] i.e. 0 < ǫ < 1. Then ǫ(2k+ ǫ) must be a natural number.
Proof: Since
√
n! 6= m (∈ N), by the Lemma 2.2, n! = k2+2kǫ+ ǫ2. Or, n!−k2 = 2kǫ+ ǫ2.
Thus ǫ(2k + ǫ) is a natural number.
For example, (i) if n = 3, then
√
n! ≈ 2.449489743, k = 2, ǫ ≈ 0.449489743, ǫ(2k + ǫ) = 2.
(ii) if n = 4, then
√
n! ≈ 4.898979486, k = 4, ǫ ≈ 0.898979486, ǫ(2k + ǫ) = 8.
2.4 Theorem
Let for the equation (1), m− 1 = k = [√n!], √n! = k+ ǫ, where ǫ = √n!− [√n!] i.e. 0 < ǫ < 1.
Then for the solution of (1), the natural number ǫ(2k + ǫ) must satisfy ǫ(2k + ǫ) = 2k and
conversely. Moreover, k = ǫ
2
2(1−ǫ) and ǫ should be distinct and monotonic increasing for all the
solutions of (1).
Proof: Since k = [
√
n!], we know from the Theorem 2.3 that ǫ(2k+ ǫ) is a natural number.
If n is a solution of the equation (1), then k(k+2) = n! by Corollary 2.1.3. Or, k(k+2) = (k+ǫ)2.
Or, ǫ(2k + ǫ) = 2k. (5)
Hence the condition is necessary.
Conversely, let ǫ(2k + ǫ) = 2k. Then k2 + 2kǫ+ ǫ2 = k2 + 2k.
Or, n! = k2+2k (as
√
n! = k+ ǫ) i.e. n!+1 = (k+1)2. Thus Brown’s number ([
√
n!]+1, n)
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will be a solution of the equation (1). Hence the condition is sufficient.
From (5), we get k =
ǫ2
2(1− ǫ) (6)
and ǫ2 + 2kǫ− 2k = 0.
Or, ǫ = −2k±
√
4k2+8k
2
.
Then, ǫ =
√
k2 + 2k − k. (7)
It is easy to observe that ǫ > 0 and ǫ <
√
k2 + 2k + 1− k = 1.
Let ǫk = f(k) =
√
k2 + 2k − k.
Then, f ′(k) =
2k + 2
2
√
k2 + 2k
− 1 > k + 1
2
√
k2 + 2k + 1
− 1 = 0 (8)
Thus {f(k)} = {ǫk} is strictly monotonic increasing, bounded above as f(k) < 1 ∀ k and
also lim
k→∞
f(k) = lim
k→∞
2k√
k2 + 2k + k
= 1.
Hence, ǫ should be distinct and monotonic increasing for all the solutions of equation (1).
Let us apply the theorem for the following first few cases.
(i) For n = 1, k = 1, ǫ = 0, ǫ
2
2(1−ǫ) = 0 but k(k + 2) 6= n!. Hence equation (1) has no
solution for n = 1.
(ii) For n = 2, k = 1, ǫ ≈ 0.414213562, ǫ2
2(1−ǫ) ≈ 0.146446609 (/∈ N) < k. Hence equation
(1) has no solution for n = 2.
(iii) For n = 3, k = 2, ǫ ≈ 0.449489743, ǫ2
2(1−ǫ) ≈ 0.183503419 (/∈ N) < k. Hence equation
(1) has no solution for n = 3.
(iv) For n = 4, k = 4, ǫ ≈ 0.898979486, ǫ2
2(1−ǫ) = 4 and k(k+2) = 24 = n!. Hence equation
(1) has solution for n = 4.
(v) For n = 5, k = 10, ǫ ≈ 0.95445115, ǫ2
2(1−ǫ) = 10 and k(k + 2) = 120 = n!. Hence
equation (1) has solution for n = 5.
(vi) For n = 6, k = 26, ǫ ≈ 0.83281573, ǫ2
2(1−ǫ) ≈ 2.07430412 (/∈ N) < k and also k(k+2) 6=
n!. Hence equation (1) has no solution for n = 6.
(vii) For n = 7, k = 70, ǫ ≈ 0.9929573972, ǫ2
2(1−ǫ) = 70 and k(k + 2) = 5040 = n!. Hence
equation (1) has solution for n = 7.
(viii) For n = 8, k = 200, ǫ ≈ 0.7984064, ǫ2
2(1−ǫ) ≈ 1.581033892 (/∈ N) < k and also
k(k + 2) 6= n!. Hence equation (1) has no solution for n = 8.
(ix) For n = 9, k = 602, ǫ ≈ 0.3952191, ǫ2
2(1−ǫ) ≈ 0.1291361398 (/∈ N) < k and also
k(k + 2) 6= n!. Hence equation (1) has no solution for n = 9.
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(x) For n = 10, k = 1904, ǫ ≈ 0.940944, ǫ2
2(1−ǫ) ≈ 7.496063447 (/∈ N) < k and also
k(k + 2) 6= n!. Hence equation (1) has no solution for n = 10.
(xi) For n = 11, k = 6371, ǫ ≈ 0.974359, ǫ2
2(1−ǫ) ≈ 18.51278095 (/∈ N) < k and also
k(k + 2) 6= n!. Hence equation (1) has no solution for n = 11.
2.4.1 Remark
The function f(k) has no optimum value in 0 < ǫ < 1. For the known solutions of Brocard-
Ramanujan problem (c.f. equation (1)), (i) ǫ ≈ 0.898979486 for n = 3 (ii) ǫ ≈ 0.95445115
for n = 5 (iii) ǫ ≈ 0.9929573972 for n = 7. The next value of ǫ should be more than ǫ ≈
0.9929573972 as ǫ should be distinct and monotonic increasing for all the solutions of equation
(1). However, ǫ is neither monotonic increasing nor monotonic decreasing for all natural numbers
n (c.f. examples of Theorem 2.4). Also, ǫ is a function of k, (k = [
√
n!]) in the form of the
equation (7) for all the solutions of equation (1) and according to Bruce Berndt and William
Galway [10], there is no new solution of the problem based on computations up to n = 109. If
we consider a new solution of Brocard-Ramanujan problem as n ≥ 105, then value of ǫ should be
more than ǫ ≈ 0.999 · · ·905915 (digit 0 is coming after 228287 numbers of 9 digit, which
takes more than 66 pages in LibreOffice Writer) which is for k = [
√
105!] according to the
calculation in MATHEMATICA 8. If we assume n ≥ 109 as new solution of Brocard-Ramanujan
problem, then it is obvious that the numbers of 9 digit in the form ǫ = 0.999 · · · will be much
higher than the corresponding case of n ≥ 105, but I am unable to calculate the numbers of 9
digit in the value of ǫ in my personal laptop (with 8GB Ram) using MATHEMATICA 8.
2.4.2 Corollary
For the solution of Brocard-Ramanujan problem, we have k = ǫ
2
2(1−ǫ) . Hence, {g(ǫ)} = {kǫ} is
also monotonic increasing.
2.5 Theorem
For any natural number n, if n! ≤ k(k + 2), where k = [√n!] and if n is not a solution of
Brocard-Ramanujan problem (c.f. equation (1)), then n! < k(k + 2).
Proof: For any natural number n,
√
n! = k + ǫ with k = [
√
n!] and 0 ≤ ǫ < 1. Then
n! = k2 + 2kǫ+ ǫ2 < k2 + 2k + 1 as ǫ < 1. We know that n!, k2 and 2kǫ+ ǫ2 (by Theorem 2.4)
are integers. Hence n! ≤ k(k + 2), ∀ n ∈ N.
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We also know from Corollary 2.1.3 that for the solution of Brocard-Ramanujan problem,
we have n! = k(k+2). Thus if n is not a soluton of Brocard-Ramanujan problem (c.f. equation
(1)), then n! < k(k + 2).
2.5.1 Corollary
If natural number n is not a solution of Brocard-Ramanujan problem (c.f. equation (1)), then
2kǫ+ ǫ2 < 2k.
2.6 Theorem
The Brocard-Ramanujan problem (c.f. equation (1)) has only finitely many solutions.
Proof: From Theorem 2.4, we know that for the solution of (1), the natural number 2kǫ+ǫ2
must satisfy 2kǫ + ǫ2 = 2k. Our endeavor should be to find all possible k and corresponding ǫ
such that 2kǫ + ǫ2 = 2k for the Brocard-Ramanujan problem. Moreover, if n is not a solution
of Brocard-Ramanujan problem, then 2kǫ+ ǫ2 < 2k by Corollary 2.5.1.
Let f(ǫ, k) = 2kǫ+ ǫ2. Then by Taylor’s expansion of two variables with respect to (ǫ0, k0),
we obtain f(ǫ, k) = f(ǫ0, k0) + (ǫ− ǫ0)∂f∂ǫ (ǫ1, k1) + (k− k0)∂f∂k (ǫ1, k1) = 2k0ǫ0 + ǫ20 + (ǫ− ǫ0)(2ǫ1 +
2k1)+ (k−k0)(2ǫ1) with k0 = [
√
7!] = 70, ǫ0 =
√
7!− [√7!] ≈ 0.9929573972 and for some ǫ1 and
k1 satisfying ǫ0 < ǫ1 < ǫ < 1, k0 < k1 < k.
Thus f(ǫ, k) = 140 + (ǫ − ǫ0)(2ǫ1 + 2k1) + 2k + 2k(ǫ1 − 1) − 140ǫ1 = 2k + 140(1 − ǫ1) +
(ǫ − ǫ0)(2ǫ1 + 2k1) − 2k(1 − ǫ1) < 2k if 140(1 − ǫ1) + (ǫ − ǫ0)(2ǫ1 + 2k1) − 2k(1 − ǫ1) < 0 i.e.
k > 140(1−ǫ1)+2(ǫ−ǫ0)(ǫ1+k1)
2(1−ǫ1) = 70 +
(ǫ−ǫ0)(ǫ1+k1)
(1−ǫ1) .
Thus f(ǫ, k) < 2k for all k > 70 + (1−ǫ0)(ǫ1+k1)
(1−ǫ1) .
Then, the Brocard-Ramanujan problem (c.f. equation (1)) has no solutions if k > 70 +
(1−ǫ0)(ǫ1+k1)
(1−ǫ1) .
Hence, the Brocard-Ramanujan problem has only finitely many solutions.
2.7 Theorem
Let for the equation (1), m − 1 = k = [√n!], √n! = k + ǫ, where ǫ = √n! − [√n!] i.e.
0 < ǫ < 1. Then for the solution of (1), n! = ǫ
2(2−ǫ)2
4(1−ǫ)2 i.e. the solutions (m,n!) will be in the form
( ǫ
2
2(1−ǫ) + 1,
ǫ2(2−ǫ)2
4(1−ǫ)2 ). Moreover, for all the solutions of (1), x = n! and y = m − 1 = k = [
√
n!]
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should satisfy
y4 + 4y3 + 2xy2 + 4y2 + 4xy − 3x2 = 0, y3 + 3y2 + 2y − xy − x = 0. (9)
Proof: For the solution of Brocard-Ramanujan problem, we have k = ǫ
2
2(1−ǫ) . Then
√
n! =
k + ǫ = ǫ(2−ǫ)
2(1−ǫ) .
Thus, n! =
ǫ2(2− ǫ)2
4(1− ǫ)2 . (10)
Or, 4n!(1− 2ǫ+ ǫ2) = ǫ2(4− 4ǫ+ ǫ2).
Or, 4n!{1−2(√n!− [√n!])+(√n!− [√n!])2} = {(√n!− [√n!])2(4−4(√n!− [√n!])+(√n!−
[
√
n!])2}, where ǫ = √n!− [√n!].
Or, 4n!{(1 + 2[√n!] + n! + [√n!]2} − 8n!√n!{1 + [√n!]} = {(4n! + 4[√n!]2 + 12n![√n!] +
n!2 + 6n![
√
n!]2 + 4[
√
n!]3 + [
√
n!]4)− 4n!√n!(2[√n!] + n! + 3[√n!]2 + n![√n!] + [√n!]3)}.
Comparing both sides, we get 4n!{(1+2[√n!]+n!+[√n!]2} = {(4n!+4[√n!]2+12n![√n!]+
n!2 + 6n![
√
n!]2 + 4[
√
n!]3 + [
√
n!]4), 2n! + 2n![
√
n!] = 2[
√
n!] + n! + 3[
√
n!]2 + n![
√
n!] + [
√
n!]3.
Thus, y4 + 4y3 + 2xy2 + 4y2 + 4xy − 3x2 = 0, (11)
y3 + 3y2 + 2y − xy − x = 0; (12)
where x = n!, y = [
√
n!].
All the known solutions of Brocard-Ramanujan problem satisfy the equations (11) and (12)
as shown below.
(i) For n = 4, x = 24, y = 4. Then y4 + 4y3 + 2xy2 + 4y2 + 4xy − 3x2 = 0 and y3 + 3y2 +
2y − xy − x = 0.
(ii) For n = 5, x = 120, y = 10. Then y4 + 4y3 + 2xy2 + 4y2 + 4xy − 3x2 = 0 and
y3 + 3y2 + 2y − xy − x = 0.
(iii) For n = 7, x = 5040, y = 70. Then y4 + 4y3 + 2xy2 + 4y2 + 4xy − 3x2 = 0 and
y3 + 3y2 + 2y − xy − x = 0.
2.7.1 Remark
It is shown that all solutions of Brocard-Ramanujan problem satisfy the equations (11) and (12).
By Be´zout theorem, (c.f. Sturmfels [17]) for a general square polynomial system f1(x1, x2, · · · , xn) =
0, f2(x1, x2, · · · , xn) = 0, · · · , fn(x1, x2, · · · , xn) = 0 having d1, d2, · · · , dn as the degrees of
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f1, f2, · · · , fn respectively; the number of its isolated zeros in Cn, counting multiplicities, does
not exceed the number d = d1d2 · · · dn except the system has an infinite number of zeros.
However, in-built functions ‘Solve’, ‘Solve with integer’, ‘NSolve’, ‘NSolve with real’, ‘NSolve
with integer’, ‘FindRoot’ are unable to provide any solutions of Brocard-Ramanujan problem.
To solve by hands, the following approaches are considered.
Approach 1: If we solve equation (12), then we get y = −1, x = y(y + 2). For y = −1,
we get from equation (11) as 3x2 + 2x− 1 = 0 i.e. x = −1, 1
3
.
For x = y(y + 2), we get from equation (11) as (4y + 2y2)y(y + 2) − 3y2(y + 2)2 +
4y2 + 4y3 + y4 = 0. Or, 2y2(y + 2)2 − 3y2(y + 2)2 + y2(y + 2)2 = 0 Or, 0 = 0, which
gives no explicit solution in this case. However, we can get three known solutions of the
Brocard-Ramanujan problem as (24, 4), (120, 10), (5040, 70) and infinite number of integer
solutions in the form (c, d) with d < 0, d ∈ Z, c = d2 − 2d. First ten of these solutions are
(−1,−1), (0,−2), (3,−3), (8,−4), (15,−5), (24,−6), (35,−7), (48,−8), (63,−9), (80,−10).
Approach 2: From equation (11), we have 3x2 − 2x(y2 + 2y)− (4y2 + 4y3 + y4) = 0. Or,
x =
2y(y+2)±
√
4y2(y+2)2+12(4y2+4y3+y4)
6
= y(y+2)±2y(y+2)
3
= y(y + 2), − y(y+2)
3
.
If x = y(y + 2), then the equation (12) gives −(y + 1)y(y + 2) + y3 + 3y2 + 2y = 0. Or,
−y(y + 1)y(y + 2) + y(y + 1)y(y + 2) = 0. Or, 0 = 0, which gives no explicit solution in this
case. But, we can find solutions as (24, 4), (120, 10), (5040, 70) and (c, d) with d < 0, d ∈ Z,
c = d2 − 2d.
If x = −y(y+2)
3
, then the equation (12) gives − (y+1)y(y+2)
3
+ y3 + 3y2 + 2y = 0. Or,
− (y+1)y(y+2)
3
+ (y + 1)y(y + 2) = 0. Or, 2(y+1)y(y+2)
3
= 0. Or, y = 0,−1,−2. Then x = 0, 1
3
, 0
respectively.
Approach 3: From equation (11), we have y4 + 4y3 + (2x+ 4)y2 + 4xy − 3x2 = 0.
Or, (y2 + 2y + λ)2 − (my + n)2 = 0 (13)
with 4 + 2λ − m2 = 2x + 4, 4λ − 2mn = 4x, λ2 − n2 = −3x2 i.e. m2 = 2(λ − x), mn =
2(λ− x), n2 = λ2 + 3x2. Then m2 = mn i.e. m = 0, n.
For m = 0, λ = x, n2 = 4x2 i.e. n = ±2x. Then from equation (13), we have (y2 +
2y + x)2 − (±2x)2 = 0. Or, (y2 + 2y + 3x)(y2 + 2y − x) = 0. Or, x = y(y + 2), − y(y+2)
3
.
If x = y(y + 2), then the equation (12) gives −(y + 1)y(y + 2) + y3 + 3y2 + 2y = 0. Or,
−y(y + 1)y(y + 2) + y(y + 1)y(y + 2) = 0. Or, 0 = 0, which gives no explicit solution in this
case and we can find solutions as (24, 4), (120, 10), (5040, 70) and (c, d) with d < 0, d ∈ Z,
c = d2 − 2d.
If x = −y(y+2)
3
, then the equation (12) gives − (y+1)y(y+2)
3
+ y3 + 3y2 + 2y = 0. Or,
− (y+1)y(y+2)
3
+ y(y + 1)y(y + 2) = 0. Or, 2(y+1)y(y+2)
3
= 0. Or, y = 0,−1,−2.
Form = n, n2 = 2(λ−x) and n2 = λ2+3x2 i.e. 2(λ−x) = λ2+3x2. Or, λ2−2λ+2x+3x2 = 0.
Or, λ =
2±
√
4−4(3x2+2x)
2
=
1±
√
1−(3x2+2x)
2
. We can see that 1− (3x2 + 2x) < 0 for x > 1.
Hence I have found only the following solutions (0, 0), (1
3
,−1), (24, 4), (120, 10), (5040, 70)
and (c, d) with d < 0, d ∈ Z, c = d2 − 2d of equations (11) and (12); among them only three
solutions (24, 4), (120, 10), (5040, 70) of the Brocard-Ramanujan problem which are already
known.
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